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CYCLIC STRESS STUDIES BY TIME—AVE RAGE I) PHOTO ELASTI CIT?

by

Y .  Y .  Hung, C. ‘1. Liang, 3. D. Hovanesian and A. 3. Durelli

F ABSTRACT

lids paper describes an experimental method whereby the ampli tude of

cyclic s tresses may be readily determined by time—averaged photoelasticity .

Using an ordinary polariscope with a monochromatic light source , “time—

ave raged isochromatics fringes” are forme d if the photographic film in

the camera is exposed with an .3xposure time equal to one or several

pe riods wh ile the photoelas tic model is undergoing stready s tate cyclic

loading. The fringe pattern depicts amplitudes of the oscillating

stresses according to the zeroth order Bessel function. These properties

permit the determination of a time—averaged cyclic stress—optic law . It

is also possible to use the method to determine time—averaged isoclinics .

The method has great potentiality in the study of in—plane vibrations .
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Introduction

A number of important two—dimens ional problem s in technology involve8

sin usoida lly varying stresses. Problems of this type can be studied

photoelastica ll y using a synchronized s tr obos cope or a high— speed movie

camera. This brie f paper presents an al ternative method for studying

cyclic stresses . The method requires no special equipment——merely the

s tandard  appa ra tu s  commonly used in photoelasticity laboratories ; namely ,

a polar iscope and a still camera.

The time—average technique was first utilized in holograp hy to study

vibra tions by Powell and Stetson .~~
1
~ They shoved that when a hologram

was made of an object undergoing steady oscillation , its reconstruction :1
exhibi ted time—averaged interference patterns superimposed on the object

image . These pa tterns could be described mathematically by a zeroth

order Bessel fun ction containing the vibrational amp li tudes in its

argument. The same concept was also applied to moire methods ,~
2’3~ and

in speckle interferome try~
4 7

~ to determine either displacements or

disp lacemen t—derivatives due to vibrations .

— 1—



The Method

A photoe lastic mode l underg oing s teady—sta te ~inusoidally cyclic

loading is p laced in a p lane polariscope , or in a circular polariscope

set for either dark or li ght field . The time varying isochromatics are

ph otographed b y a camera with an exposure time equal to one or several

peri ods of the loading cycle . The proces sed photograph will exhib it a

time— averaged isochromatic fringe pattern which depicts the ampli tude of

the cyclic stresses , and the fr inge orders corr espond to the root s of a

Bessel function of zeroth order. In the case of the linear polarization

arrangement , isoclinics are also recorded.

—2—
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Time—averaged cyclic stress—optic law

Assuming that the polariscope is in a dark field arrangement with

circular polarization , it is well_known
(8) 

that the received intensity

by the camera can be represented by:

1 — c o s 2 D  (1)

where D = (C
1 

— C2
) (cy

1 02
) ,  d is the model thickness, C1, C2 are

Maxwell  stress—optics coefficients , A is the wavelength of light and

ø~~ , 02 are the principal stresses .

Since in the case considered the model is undergoing sinusoidally

vary ing stresses , (a ,~ — 02) is time dependent and can be expressed as

02 
= T cos(oit + $) (2)

wher e = the max imum shear stress
0

w = circular frequency of the loading cycle

= arbitrary phase.

If  a photo grap hic f i lm is exposed to the intensity shown in Eq. (1) with

an exposure time equal to k periods , the light energy received is the

integration of ove r the exposure time , given by:

ED 1

kT 

dt (3)

where E D is the exposure and T is the period of the loading cycle .

—3—
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Integrat ion of Eq. (3) yie lds :

E
D 

= kT~ 1 - ~~~~ T ] }  (4)

whe re C = C
1 

— C
2

The above equat ion pre dicts that the formation of time —aver age d isochro —

matics with minim um intensity (dark fringe) occurs when the zeroth ord er

Bessel function atta ins its maxi mum value . The fringes depict the

dist ribution of t o , the amp litude of the cycling stress es .

A similar analysis wil l show that the time—average d isochro matic

fr inges in a light field po lar iscope can be represented by

E L = kT~ l + J [ 4~~~ ~ ]} (5)

He re , dark fringes cor respond to the minimum values of

I n the case of the p lane polarisc ope , the t ime integrated inte nsity

received on the photog rap hic film can be shown to be

E = kT {l  - J [ 4r C ~~j } sin 20 (6)

Where 0 is the isoclinic angle .

Fringe I nterpretation

I n instantaneous photoelasticity , the relationship between the

max imum shear stress t and dark fringes is given as:

f
= n~ (7)

—4— 



where n fringe order and f( 2
-~) is the material fringe value.

In a dark fisld circular polariscope , n takes the values:

0, 1, 2, 3 and in the light field circular polariscope the values:

1, 3 , 5 
2 2 2

No te that in the time—average method presented in this paper , fringe

pa ttern is described by Eqs. (4) and (5). Thus the dark fringes occur
I

when the Bessel function is maximum in a dark field arrangement and minimum

in a light field setup . When Eq. (7) is used to interpret time—averaged

fr inges , the values of n should be

n = 0, 1.12 , 2.12 , 3.12 , 4 .12 

for  da rk field polariscope , and

n = 0.610 , 1.62 , 2.62 , 3.62 , 4.62 . 

for ligh t field .

Higher fringe orders can be found in a table of zeroth order Bessel

f unctions .

Experimental Demonstration

Chosen for demonstra tion were two cantilever beams, one rec tangular ,

and the other with a notch. Both beams were clamped at one end and

periodically loaded at the free end . The sinusoidally varying loading

was produced by hanging a spring—mass system from the free end. When the

mass was set to free vibration (damping considered negligible), a

sinusoidally varying load was applied to the beam . In the experiments ,

the time varying isochromatics were photographed with an exposure time of

approximately two periods of the oscillation. The processed photographs

—5— 
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exhibited the t ime—averaged isochro matics shown in Figs. 1(a) and 2(a)

for beams with and without a notch , respectively. For the pur pose of

comparison , isochro matic s of the rectangular beam , un der static loadin g

of same free end deflection as the amplitude of the cyclic loading , are

shown in Figs. 1(b) and 2(b) . A comparison of the read ing of the

time—a veraged and static isochromatic fringe orders are also presented

in Figs. 1 and 2~

Th is illustration shows application of the method to a very simple

case for which the static solution practically coincides with the static

one. This method , as easily visualized , can be applied to any two—

dimensional problem of in—plane complex system of vibrations .

Conclusion

It has been shown that time—averaged isochromatics fringes may be

reco r ded when a photoelastic model is undergoing a sinusoidally vary ing

stress. The fringe pattern is depicted by a Bessel funct ion of zero—order

since the amplitude of Bessel function decreases with increasing ar gument

value. The fringe visibility diminishes as the fringe order increases.

This may be a problem in cases involving high stress concentrations. This

is already evidenced by the time—averaged isochromatics of the beam with

a notch.
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Ph ptoe lasticity
cyc l ic stress
t ime-averaged

20. A W S ? ~~ACT (Conlima. on r .v.raI .id. if n.c.a1 y aid id.ntiIy by block n, ,ba)
This paper describes an experimental method whereby the amplitude of

cyclic stresses may be readily determined by time-averaged photoelasticity .
Using an ordinary pola riscope with a monochromatic light source , ~ttime_

avera ged isochromatics fringes’~ are formed if the photograp hic film in the
camera is exposed with an exposure time equal to one or several periods
while the photoe lastic model is undergo ing steady state cyclic loading .

The fringe pa ttern dep icts amp litudes of the oscillating stresses according
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- - ~to the zeroth order Bessel function. These properties permit the
determinat ion of a t ime-averaged cyclic stress-optic law. It is also
possible to use the method to determ ine t ime-averaged isoclinics. The
method has great potentiality in the study of in-p lane vibration s .,
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